ON COMPLEMENTS AND THE FACTORIZATION 
PROBLEM FOR HOPE ALGEBRAS 



SEBASTIAN BURCIU 

Abstract. Two new results concerning complements in a semisim- 
ple Hopf algebra are proved. They extend some well known results 
from group theory. The uniqueness of Krull Schmidt Remak type 
decomposition is proved for semisimple completely reducible Hopf 
algebras. 



1. Introduction 

In recent years many concepts and results from the theory of finite 
groups have been generahzed or adapted to the context of (semisim- 
ple) Hopf algebras. Simultaneously, many results on the classification 
of semisimple Hopf algebras have also appeared. However some results, 
such as Kaplansky's conjecture about the dimensions of the irreducible 
modules, still remain an open problem. An important class of mys- 
terious Hopf algebras is that of simple Hopf algebras, i.e not having 
normal Hopf subalgebras. It was proven for example that if if is a 
non-trivial semisimple Hopf algebra of dimension < 60, then H is not 
simple (see [N]). Thus the smallest example of a simple Hopf algebra 
is in dimension 60. 

Let if be a Hopf algebra and A be a normal Hopf subalgebra of H. 
We say that A has a complement in H if and only if there is a Hopf 
subalgebra L of H such that H = A ^ L as Hopf algebras. In this 
situation we also say that A is a direct factor of H. Also we say that 
{A, L) is a normal factorization of H. 

Recall that {A, L) is a factorization of H if the multiplication map 

m: A® L H, a®l ^ at 

is a vector space isomorphism. 

In this paper we prove two results on factorization of Hopf algebras. 
They are analogous results to some results from group theory. The first 
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result shows that a given factorization with both terms normal Hopf 
subalgebras is a normal factorization. The second results concerns the 
case of factorizations {A, L) where just one of the terms, say A, ia a 
normal Hopf subalgebra. In this situation we show that H = A^L as 
Hopf algebras. 

Next we apply the previous results to the case of semisimple Hopf 
algebras. In this situation we can use Theorem 13.11 proven in |B1] 
to obtain new results for semisimple Hopf algebras. For example, us- 
ing these results, similar arguments to those from group theory can 
be applied to obtain a characterization of completely reducible Hopf 
algebras. Parallel to the theory of groups we call a Hopf algebra H 
completely reducible if it can be written as an internal direct tensor 
product: 

(1.1) H = (g)xeAKx, 

of the simple semisimple Hopf algebras Kx- Definition of internal tensor 
product is given in Section 4. For A a finite set this coincides with the 
usual tensor product, see Propostion 14.21 

A Krull-Schmidt-Remak type uniqueness for such a decomposition 
is proven in the finite dimensional case. 

The paper is organized as follows. In the second section we consider 
factorizations of Hopf algebras. If one factor of the factorization is 
normal then we show in Theorem 12.51 that one obtains a semi-direct 
product of Hopf algebras. If both factors are normal we show in Theo- 
rem 12.81 that in this case one obtains the usual tensor product of Hopf 
algebras. In the proof of both theorems we use the fact a factorization 
is the same as a bicrossed product Hopf algebra |M1] . 

The third section applies the results of the previous section to semisim- 
ple Hopf algebras. The key point of this section is to use Theoerem 13.11 
on the dimension of AL inside H in terms of the dimensions of A, L 
and of the intersection ACi L. 

The next section considers completely reducible Hopf algebras and 
shows the uniqueness of a decomposition of Krull-Schmidt-Remak type 
for finite dimensional completely reducible Hopf algebras. 

In the last section we define similar to the group theory the socle 
of a semisimple Hopf algebra and study the lattice of normal Hopf 
subalgebras of a semisimple Hopf algebra. 

We use the standard notations for Hopf algebras that can be found 
for example in |M3] . We work over an algebraically closed field k of 
characteristic zero. 
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2. Factorization of Hopf algebras 

In this section we prove two results on factorization of arbitrary Hopf 
algebras. 

2.1. Settings. Let if be a Hopf algebra over a field k. Recall that 
a Hopf subalgebra A ^ H is called normal if hiAS{h2) C A and 
S{hi)Ah2 C A, for all h & H . If H does not contain proper normal Hopf 
subalgebras then it is called simple. Recall from |M3] that A is normal 
in H if and only if HA+ = A+H and in this situation H//A := H/HA+ 
is a quotient Hopf algebra of H. Here A'^ := Ad ker e. 

Lemma 2.1. Suppose that A and L are Hopf subalgebras of H with A 
a normal Hopf subalgebra of H. Then AL = LA is a Hopf subalgebra 
ofH. 

Proof. Indeed, note that la = {liaSl2)l3 G AL for all / G L and a G A. 
Thus LA C AL. Similarly al = li{Sl2al3) G LA which shows that 
AL C LA. □ 

2.2. Bicrossed product. The bicrossed product of Hopf algebras was 
introduced by Majid in |Mlj . initially under the name of double cross 
product. 

Recall that a matched pair of bialgebras is a system {A,L, <, >), 
where A and L are bialgebras, < : L ® A — )■ L and > : L ^ A ^ A are 
coalgebra maps such that {A, >) is a left L-module coalgebra, (L, <) is 
a right A-module coalgebra and the following compatibility conditions 
hold: 

1l <a = e^(a)lL, I > 1a = eL{l)lA 
I > (ah) = {li > ai)((/2 < 02) > b) 
[Ih) < a = ((/ < hi) > ai)(/i2 > 02) 

h < ai ® I2 > a2 = I2 < (12 ® h > Oi 
for all a, 6 G A, l,h ^ L. If (A, L, <, >) is a matched pair of bialgebras 
then the bicrossed product Axi L of A with L is the vector space A^L 
endowed with the multiplication given by 

(2.2) (a CXI CXI h) := a{li > hi) cxi {I2 < b2)h 

for all a, 6 G A, l,h & L, where a Z is denoted by a cxi /. Then Aixi L 
is a bialgebra with the coalgebra structure given by the tensor product 
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of coalgebras. Moreover, if A and L are Hopf algebras, then A\xi L has 
an antipode given by the formula: 

S{a M /) := (U ^ SLimSAia) M U) 

for all a G A and / G L [ see Theorem 7.2.2]. 

2.3. Factorization of Hopf algebras. Let H a Hopf algebra and A, 
L be two Hopf subalgebras. We say that {A, L) is a factorization of H 
if the multiplication map 

m: A® L ^ H, a®l ^ al 

is bijective. Note that in this case A (1 L = k. 

Then by Theorem 2.7.3 from |M1] it follows that if is a bicrossed 
product Hopf algebra of A and L. The bicrossed product setting is 
recovered as following: 

One defines the fc-linear map 

fi : A ^ A® L, ® a) := u'^ {la) 

for all / G L and a G A. Then the actions <, > are given by the 
formulae: 

(2.3) >:L®A-fA, I > a := {{ld0 ei) o a) 

(2.4) <\:L®A-)-L, /i< a := ((e^ (g) Id) o ^)(Z ® a). 

2.4. Factorization with a normal factor. In this subsection we 
prove that for a factorization {A, L) of H with a normal Hopf sub- 
algebra A of H one has that H is a semi-direct product of A and L as 
fc-algebras. 

Proposition 2.5. Suppose that {A, L, <l, >) is a bicrossed product of 
H with A a normal Hopf subalgebra of L. Then A^L = H as Hopf 
algebras via the multiplication map given by a\x]l ^ al. 

Proof. Let L acting on A by the adjoint action I. a = liaS{l2). Since A is 
a normal Hopf subalgebra of H it follows that yu(/ ® a) = liaS{l2) ® h 
for all / G L and a G A. Then the action < becomes trivial since 
I <a:= ((eA ® Id) o ^)(/ a) = (e^ ® ld){liaSl2 ® /s) = e(a)/. 

Then formula 12.21 for the algebra product shows that Hjj^A = L as 
Hopf algebras via the map 0. □ 

Corollary 2.6. Suppose that H is a factorization by A and L. If A is 
a normal Hopf subalgebra of H then the map (p : L H/ j A given by 
I ^ I is an isomorphism of Hopf algebras. 
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Proof. Clearly is a Hopf algebra map. Define the inverse map of (j) 

by 

^■.H//A^L, ijj{aixil) = e{a)l. 

It is easy to see that the map is well defined. On the other hand 
clearly ip is the inverse of the map 0. □ 

2.5. Factorizations with both factors normal. In this subsection 
we prove that for a factorization {A, L) of H with both A and L normal 
Hopf subalgebras of H one has that H is isomorphic as Hopf algebras 
with the tensor product A® L. 

Proposition 2.7. Suppose that M and N are normal Hopf subalgebras 
of a given Hopf algebra H such that M Ci N = k. Then mn = nm for 
all m E M and n E N. 

Proof. Note that miniS'(m2)5'(?T,2) € MflA^. Thus mini S{m2)S{n2) = 
e{m)e{n)l. This implies that 

mn = miniS{m2)S{n2)n?.,m^ 
= e{ni)e{mi)n2m2 = nm 

□ 

Theorem 2.8. Suppose that {A, L, <, >) is a bicrossed product of H 
and that both A and L are normal Hopf subalgebras of H. Then H = 
A^ L as Hopf algebras via the multiplication map a®l^al. 

Proof. Since A r\ L = k previous proposition implies that al = la for 
all a E A and I G L. Then clearly fi{l a) = a ® Z and formulae 12.31 
and 12.41 show that both actions > and < are trivial. In this situation 
fromula 12.21 show that H is the tensor product of A and L. □ 

3. Factorization of semisimple Hope algebras 

In this section we apply the results from the previous sections in the 
case that if is a semisimple Hopf algebra. 

The following theorem proven in [BlJ is needed in the sequel. 

Theorem 3.1. Let H be a semisimple Hopf algebra and A, L be two 
Hopf subalgebras of H . Then 

(3.2) L//L nA = LA/ /A 

as coalgebras. 
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(3.3) \LA\ 



Recall that LA/ /A := LA/LA'^ is just a coalgebra and not a Hopf 
algebra if A is not normal Hopf subalgebra of H. From this it follows 

\L\\A\ 

\Lr]A\ 

Here for a vector space V we denoted by \V\ its dimension as vector 
space. 

Next we want to prove the following theorem, a result similar to the 
well known result on normal complements for groups: 

Corollary 3.4. Suppose that A and L are semisimple Hopf subalgebras 
of a Hopf algebra H such that A (1 L = k. Moreover suppose that A 
is a normal Hopf subalgebra of H. Then Ajj^L = AL as Hopf algebras 
via the multiplication map given by a®l ^ al. 

Proof. By Lemma 12.11 one has that AL is a Hopf algebra subalgebra of 
H. 

Define the adjoint action of L on A by l.a = liaS{l2) and form the 
smash product A^L (see [K]). It can be easily be checked that the 
map defined above is a surjective algebra map. Indeed, to check that 
is an algebra map one has that 



0((a#/)(a'#/')) = 0(a(/ia'5/2)#W') = 
a{ha'Sl2)hl' = {al){a'l') = (j){aj^l)(j){a' j^V) 

Since A and L are semisimple it follows that AL is also semisimple Hopf 
algebra. Indeed by Lemma 2.16 of [M2J it follows that is central in 
H. Then it can be checked that Ay^A^, is an idempotent integral of AL 
where A^, is the idempotent integral of L. Thus AL is a semisimple 
Hopf algebra and from Theorem 13. II applied to H := AL it follows that 
AL and A^L have the same dimension. This implies that is also 
injective and therefore an isomorphism of Hopf algebras by Theorem 
1231 □ 

As in the group situation one has the following result: 

Theorem 3.5. Suppose that both A and L are normal Hopf subalgebras 
of a semisimple Hopf algebra H such that H = AL and A (1 L = k. 
Then H = A^L as Hopf algebras via the multiplication map a®/ H- al. 

Proof. As before it follows that AL = LA. Proposition 12 . 71 implies that 
al = la for all a G A and / G L. Define (p : A^ L ^ AL by a / i— )■ a/. 
Note that is a surjective algebra map. Clearly is a coalgebra map. 
Since by formula 13.31 one has that \AL\ = \A\\L\ it follows that is an 
isomorphism of Hopf algebras. □ 
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3.1. Projection maps. The treatment of this subsection follows [R] . 

Suppose that H = A ^ L is an exact normal factorization of a 
semisimple Hopf algebra H. Define the following projection maps 
TTi : H ^ H given by 7ri(a ® /) = e{l)a and 7^2 : H ^ H given by 
vr2(a ® /) = e(a)/. Note that vti and are Hopf algebra maps. 

An endomorphism of H is called normal if it is a morphism of mod- 
ules under the adjoint action of H on itself. Thus (p : H ^ H is normal 
if and only if (f){hiaSh2) = hi(f){a)Sh2 for all a,h E H. 

Proposition 3.6. With the above notations, for i = I, 2, the maps TCi 
satisfy the following: 

1. TTi are Hopf algebra maps. 

2. TTi are normal endomorphisms (morphisms of adjoint modules). 

3. Tif = TTi under composition. 

3. 7^2 -k TTi = Tii-k 7T2 = id// Under convolution. 

4. 7r2 o TTi = TTi o = e( )1. 

Proof. Straightforward computations. □ 

Theorem 3.7. Let H be a semisimple Hopf algebra. There is a bi- 
section between exact normal factorizations of H = A ® L with A, L 
semisimple Hopf algebras and the set of pairs of two orthogonal normal 
idempotents {tti, 112} satisfying the above properties. 

Proof. In the previous proposition we have shown how to associate a 
pair of normal endomorphisms with the above properties to any exact 
normal factorization of H. Conversely, given tTj as above let A := 
TTi{H) and L := 7T2{H). Then A and L are normal Hopf subalgebras 
since tti and 7T2 are normal endomorphisms. Note that A (1 L = k. 
Indeed if x G A Cl L then x = ni{h) = 7T2{h') for some h,h' G H. 
Thus vri(x) = Tifih) = TTi{h) = x and on the other hand i^ilx) = 
TiiTi2{h') = e{h')l which implies that x is a scalar. Next h = 7ri07r2(/?.) = 
^ 7ri(/ii)7r2(/i2) £ which shows that H C AL. Theorem 13. 51 implies 
that H = A® L is a normal factorization. □ 

4. Completely reducible Hope algebras 

In this section we prove few results on semisimple completely re- 
ducible Hopf algebra. 

For a set of Hopf subalgebras {KaIaga of H denote by < Kx \ A G 
A > the Hopf subalgebra of H generated by all these Hopf subalgebras. 
It coincides with the subalgebra of H generated by {Kx}x^\. In analogy 
with group theory we give the following definition of internal tensor 
product. 
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Definition 4.1. We say that H is the internal tensor product of the 
family of Hopf subalgebras {-R'aIasa (I'lT'd write 

if H =< Kx \ X e A > and K^f] < Kx \ X ^ fi >= k for all jj, e A. 

Nest result shows that for semisimple Hopf algebras finite internal 
tensor products coincide with the usual tensor products. 

Proposition 4.2. Suppose that A = {Ai, ■ ■ ■ , A^} is a finite set and 

H = ®AeA^A 

is a finite internal tensor product of a semisimple Hopf algebra H. 
Then 

H = Kx,®---®Kx, 

as Hopf algebras. 

Proof. Since -R'aiH < Kx | A 7^ Ai >= k by Theorem 13.51 it follows that 
H = Kx^® < Kx I A 7^ Ai > as Hopf algebras. Inductively one can see 
that < i^A I A ^ Ai >= Kx,®- ■ ■®Kx,. Thus H = Kx,®- ■ ■®Kx,. □ 

Remark 4.3. 

It will be interesting to decide wether the internal tensor product as 
defined above coincides with the usual tensor product if A is infinite 
or if at least one of the Hopf subalgebras Kx has infinite dimension. 
Certainly this is the case for groups (see [R]). 

Definition 4.4. A Hopf algebra H is called completely reducible if it 
can be written as a direct tensor product 

H = ®xeAKx 

where Kx are simple semisimple Hopf algebras. Such a decomposition 
will be called a Krull- Schmidt- Remak type decomposition of H in anal- 
ogy with the group situation. 

Theorem 4.5. Suppose that 

H = ®xeAKx 

is a completely reducible semisimple Hopf algebra and K is a normal 
Hopf subalgebra of H . Then there is P G A such that 

K = ®xepKx. 
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Proof. Since H is semisimple it follows that A is a finite set. One may 
suppose that K ^ H. Let S be the following set: 

5 = {A' C A I <K,Ky^\\eX' >^K® (®agA'A^a)} 

The set S is not empty. Indeed since H ^ K there is A such that 
K\ ^ K. Since K\ is simple it follows that K fl K\ = k and Theorem 
13.51 implies that {A} G S. Since S is finite it has a maximal element 
denoted by M. Let L :=< K, Kx\\ e M >= K ® {®x&mKx) >. If 
A G A \ M then LnKx k since M U {A} ^ S. Since Kx is a simple 
Hopf algebra it follows that Kx C L and thus L = H. 

Put P = A \ M. It follows that K' := ®xepKx C K. Then applying 
Lemma [2l6] the composition of the maps K' — )■ H / / {®xi^mKx) K 
given by a; I—)- x I—)- X is the composition of two Hopf algebra isomor- 
phisms and therefore it is a Hopf algebra isomorphism too. □ 

The previous theorem implies the following Corollary, that a finite 
Krull-Schmidt-Remak type decomposition is unique up to a permuta- 
tion. 

Corollary 4.6. Suppose that H = ®l^iKi and H = ^j^iLj are two 
Krull-Schmidt-Remak type decompositions of H . Then r = s and there 
is a permutation a of {!,■ ■ ■ , r} such that Ki = L^(^i) . 

Proof By previous Theorem Ki = ®j(zp^^Lj for some set Ai. Since Ki is 
simple it follows that Ai = {cr(l)} for some element a{l) G {1, ■ ■ ■ , s}. 
Then one can continue arguing in the same way for all the other Hopf 
subalgebras K^. □ 

Recall from introduction that a direct factor of if is a normal Hopf 
subalgebra K oi H such that there is a normal Hopf subalgebra L of 
H with {K, L) an exact normal factorization of H. 

Next Theorem can be regarded as a converse of the previous Theo- 
rem. It generalizes Head's theorem from groups (see 3.3.13 of [R]). 

Remark 4.7. 

The lattice of normal Hopf subalgebras of a semisimple Hopf algebra 
is finite. This can be deduced from Theorem 2. 4 of |B2j for example. 
From this theorem to any normal Hopf subalgebra K one can associate 
uniquely a central character 

tK= ^(1)^- 

Conversely recall the notion of kernel of a character introduced in 
[B2] . To any such central character t one can associate a normal Hopf 
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subalgebra of H namely K = ker t. Since 1tt{H) is finite it follows 
that the lattice of normal Hopf subalgebras of H is also finite. 

Theorem 4.8. Let H be a semisimple Hopf algebra such that any nor- 
mal Hopf subalgebra of it is contained in a direct factor of H. Then H 
is completely reducible. 

Proof. Let L be the Hopf subalgebra generated by all simple normal 
Hopf subalgebras of H. Then using previous Remark it follows that 
L is completely reducible. Thus if L = if we are done. Suppose that 
L H and let a E H\L. There is a normal Hopf subalgebra M which 
is maximal with the property that L G M and a ^ M. 

The hypothesis imply that M is contained in a direct factor K with 
H = K ® K'. Since K' is not trivial it follows that a e M ® K' hy 
maximality of M. Also by formula EJ] note that K n {M ® K') = M 
so a i K. Maximality of M implies that K = M and H = M ® K' . 
If K" is a normal Hopf subalgebra of K' then it is easy to see that K" 
is normal in H . Then M ® K" lies in a direct factor of H. But it was 
already have been shown that M cannot be contained in any direct 
factor of H except M itself. Thus K' is simple and therefore K' G L 
which is a contradiction. Thus L = H is a. completely reducible Hopf 
algebra. □ 

5. Socle of a semisimple Hopf algebra 

The socle of a group is the subgroup generated by all minimal normal 
subgroups. Because the product of normal subgroups is a subgroup, 
it follows that the socle of a group is the direct product of some of its 
minimal subgroups. Using Theorem 12.81 a similar fact can be proven 
for semisimple Hopf algebras. 

Lemma 5.1. Let H be a finite dimensional semisimple Hopf algebra. 
If M and N are minimal normal Hopf subalgebras of H then M and 
N centralize each other and therefore MN = M ® N . 

Proof. Since NCiM is a normal Hopf subalgebra of H, by the minimality 
of M and it follows that MCiN = k. Then one can apply Proposition 
O □ 

In analogy with group theory one can define the socle of a Hopf 
algebra as the Hopf subalgebra generated by all minimal normal Hopf 
subalgebras. 

Theorem 5.2. The socle of a semisimple Hopf algebras is the tensor 
product of some of its minimal normal Hopf subalgebras. 
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Proof. Let S be the socle of H. Let us assume that Li, - ■ ■ ,Ls are all 
minimal normal Hopf subalgebras of H. Then Li fl L2 = k and by 
Theorem 13.51 one has L1L2 = Li ® L2. 

As L3 is a minimal normal Hopf subalgebra and L1L2 is a normal 
Hopf subalgebra, L3 is either contained in L1L2 or intersects it trivially. 
If L3 is contained in L1L2 then skip it and consider the next minimal 
normal Hopf subalgebra L4. Otherwise note that L1L2L3 = Li (g) 
L2 (8> L3. Continuing this procedure we obtain a sequence Lj^ ■ • ■ 
of minimal normal Hopf subalgebras where S = Li^ ■ ■ ■ Li^ and L^. fl 
{Li^ ■ ■ ■ Li^_J = k. It follows that S = Li^ (g) ■ ■ ■ (g) Li^. □ 

5.1. On the lattice of normal Hopf subalgebras of a semisimple 
Hopf algebra. Let H he a. semisimple Hopf algebra. In this section we 
will show that there is an anti - isomorphism of the lattices of normal 
Hopf subalgebras of H and H*. 

Suppose that is a normal Hopf subalgebra of H and let L = H/ / K 
be the quotient Hopf algebra of if via vr : — )■ L. Then vr* : L* — )■ H* 
is an injective Hopf algebra map. It follows that 7r*(L*) is a normal 
Hopf subalgebra of H* . Indeed, it can be checked that 

(5.3) 7r*(L*) = {f e H*\f{ha) = f{h)e{a) ■,heH, aeK}. 

Using this description it is easy to see that gifS{g2) G L* for all 
g e H* and f e L*. Moreover {H*//L*)* = K since {H*//L*)* = 
{aeH** = H\ fg{a) = f{l)g{a) ■ f e H\ g e L*}. 

Theorem 5.4. Let K and L he normal Hopf subalgebras of a semisim- 
ple Hopf algebra H . Then 



Proof. The first equality follows directly using the characterization 
from Equation 15. 3[ Indeed suppose that / G {H//{LK))*. Then by 
Equation 15.31 f satisfies f{ha) = f{h)e{a) for aWh & H, a G LK. In 
particular f{ha) = f{h)e{a) for all /i G ii, a E K and also f{ha) = 
f{h)e{a) for all heH, a G L. This shows that / G {H / / L)*f\{H / / K)* 
and therefore 



(5.5) 



{H//{LK)r = {H//Ly n {Hf/KY 



and 



(5.6) 



{H//{LnK)r = {H//LnH//Kr 




{H//Ly{H//Ky C {H//{LnK)y 
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of the second item can also be checked using Equation 15.31 Then it 
is enough to show that both terms of the second item have the same 
dimension, i.e: 

(5.8) \{Hl/{LnK)r\ = \{H//LnH//Kn 

Indeed, using previous item and formula 13.31 one has that 



\{H//LnH//Ky 



\{H//Ly\\{H//Ky\ 

\{H//LYn{H//KY\ 
\{H//LmH//Kr\ 
\{H//LKy\ 
H\ 



\H 




\H\ 


\L\ 




K\ 



/- 



LK 



\H\ 



\L\\K\ 



\LK\ 



\H\ 



Thus 



\Lr\K\ 
= \{H//{LnKy* 

{H//{LnK)y = {H//Ly{H//Ky 



□ 



For a Hopf algebra H denote by C{H) the lattice of normal Hopf 
subalgebras of H with the operations of intersection and product. The 
previous theorem implies the following Corollary: 

Corollary 5.9. Let H be a semisimple Hopf algebra over an alge- 
braically closed field k. There is an anti-isomorphism K {H / / Ky 
between C{H) and C{H*). Its inverse is given by K {H* / / Ky ■ 

Remark 5.10. 



Description of maximal normal Hopf subalgebras as kernels ker x of 
central characters x iii H* was given in |B2] . The previous Corollary 
implies that the minimal normal Hopf subalgebras of H* are of the 
type {H//kei x)*. 
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